UNCLASSIFIED 


ad  _ 405  876] 


DEFENSE  DOCUMENTATION  CENTER 

FOR 

SCIENTIFIC  AND  TECHNICAL  INFORMATION 

CAMERON  STATION,  ALEXANDRIA.  VIRGINIA 


UNCLASSIFIED 


NOTICE:  When  government  or  other  drawings,  speci¬ 
fications  or  other  data  are  used  for  any  purpose 
other  than  in  connection  with  a  definitely  related 
government  procurement  operation,  the  U.  S. 
Government  thereby  incurs  no  responsibility,  nor  any 
obligation  whatsoever)  and  the  fact  that  the  Govern¬ 
ment  may  have  formulated,  furnished,  or  in  any  way 
supplied  the  said  drawings,  specifications,  or  other 
data  is  not  to  be  regarded  by  implication  or  other¬ 
wise  as  in  any  manner  licensing  the  holder  or  any 
other  person  or  corporation,  ’  conveying  any  rights 
or  permission  to  manufacture,  use  or  sell  any 
patented  invention  that  may  in  any  way  be  related 
thereto. 


40 o 8  ? 


Cs3  3-—  s 


05462,  03105-25-T 


COLLEGE  OF  LITERATURE,  SCIENCE,  AND  THE  ARTS 

COMMUNICATION  SCIENCES  PROGRAM 


Technical  Note 

Normal  Monoids  and  Factor  Monoids 
of  Commutative  Monoids 


YEHOSHAFAT  GIVE’ON 


Under  contract  with : 

oo 

Department  of  the  Navy  _  t_  ^ 

Office  of  Naval  Research  ‘  ‘ 

in 

Contract  No.  Nonr-1224(2l)  (  vj 

Washington,  D.  C.  1  JUN  U  1363  I 

o 

and  ,JV|;.  ••  u  ■  ■ ' 

U.  S.  Army  Research  Office  (Durham)  i |  ,\ 

Box  CM,  Duke  Station 

Contract  No.  DA-31-124-ARO(D)  -G433 

Durham,  North  Carolina 

Administered  through'.  May  1963 


n  t 

A 


tff  RESEARCH  ADMINISTRATION  •  .ANN  ARBOR 


THE  UNIVERSITY  OF  MICHIGAN 

COLLEGE  OF  LITERATURE,  SCIENCE,  AND  THE  ARTS 
Communication  Sciences  Program 


Technical  Note 


NORMAL  MONOIDS  AND  FACTOR  MONOIDS  OF  COMMUTATIVE  MONOIDS 


Yehoshaf at  Give ' on 


ORA  Projects  03105  and  05662 


under  contract  with: 

DEPARTMENT  OF  THE  NAVY 
OFFICE  OF  NAVAL  RESEARCH 
CONTRACT  NO.  Nonr-1224( 21) 
WASHINGTON,  D.C. 

and 

U.  S.  ARMY  RESEARCH  OFFICE  (DURHAM) 
BOX  CM,  DUKE  STATION 
CONTRACT  NO.  DA-31-124-ARO( D) -G433 
DURHAM,  NORTH  CAROLINA 


administered  through: 

OFFICE  OF  RESEARCH  ADMINISTRATION  ANN  ARBOR 


May  1963 


1. 


51  Introduction 

The  relevance  of  the  theory  of  monoids  to  automata 
theory  has  recently  become  more  and  more  apparent.  (See,  for  example, 

Mezei  [2]  with  respect  to  finite  automata,  and  Laing  and  Wright  [1]  with 
respect  to  the  theory  of  commutative  machines.)  In  this  paper  certain 
properties  of  commutative  monoids  are  discussed;  some  of  them  are  directly 
relevant  to  the  theory  of  commutative  automata.  In  particular,  we  are 
interested  in  finitely  generated  monoids  and  in  finite  factor  monoids. 

We  begin  with  a  study  of  three  closure  operations  on 
submonoids  of  a  commutative  monoid  which  provides  us  with  tools  for  the 
study  of  factor  monoids.  Next  we  discuss  some  properties  of  factor  monoids 
and  give  certain  conditions  for  finite  factor  monoids.  We  conclude  with 
the  proof  that  those  closure  operations  lead  to  finitely  generated  monoids 
when  they  are  applied  on  any  submonoid  of  any  finitely  generated  free 
commutative  monoid.  In  particular  this  implies  that  any  normal  submonoid 


of  any  finitely  generated  free  commutative  monoid  is  finitely  generated. 


2. 


The  notation  used  in  this  paper  partially  follows  the 
notation  used  in  [1]  for  employing  regular  expressions  to  denote  commutative  [ 

events.  The  customary  notation  of  abelian  algebras  is  also  used.  Thus  B*,  [ 

x*#  and  \*  denote  the  commutative  monoids  generated  by  B  (any  non-empty  set 

of  elements  of  a  given  commutative  monoid,)  x  (any  element  of  a  given  com-  "j 

J 

mutative  monoid)  and  X  (the  identity  element  of  the  monoid  under  discussion) .  - 

j 

But  "+"  denotes  the  operation  of  the  monoid  and  therefore  x+B*  denotes  the 

\ 

coset  determined  by  the  monoid  generated  by  B  with  x  as  a  leader. 

The  problems  discussed  in  this  paper  were  suggested  by 

I 

J.  B.  Wright;  I  wish  to  thank  him  for  prompting  this  research  and  for  his  ~ 

I 

continuous  interest.  1 

] 

] 

] 

] 

I 


I 


3. 


§2  The  closure  operators  N^,  Sp  and  Hp. 

Let  F  be  a  fixed  commutative  monoid. 

Definition  1:  Let  M  be  a  submonoid  of  F.  We  denote  by  NpfM) 

the  set  of  all  elements  y  of  F  for  which  x+y  e  M 
for  some  x  e  M.  Np(M)  is  said  to  be  the  normal  extension  of  M  iji  £  and  M  is 
said  to  be  a  normal  submonoid  of  F  (in  short  normal)  iff  Np(M)  =  M. 


Lemma  1: 


which  includes  M; 


any  x,y  e  F. 


Remark : 


Let  M  be  a  submonoid  of  F,  then: 

(i)  N  (M)  is  the  minimal  normal  submonoid  of  F 

r 

(ii)  M  is  normal  iff  x,x+y  e  M  implies  y  e  M  for 


For  the  proof  of  (i)  we  shall  prove  that  N  is  a 

F 

closure  operation  on  the  submonoids  of  F. 

(1)  M  -  N  (M). 

F 

Let  y  e  M  then  y+X  e  M.  Since  X  e  M  we  get  y  e  N  (M) . 

F 


Proof : 


4 


(2)  N  fM)  is  a  submonoid  of  F. 

F 

Let  x  ,x  £  N  (M),  then  x  +y  ,x  +y  e  M  for  some 
1  2  F  112  2 

y  ,y  e  M  and  therefore  (x  +x  )  +  (y  +y  )  e  M  where  y  +y  e  M,  which  shows 
12  12  12  12 

that  x  ♦x  e  N  (M) .  Since  X  e  N  (M)  we  have  that  N  (M)  is  a  submonoid  of  F. 

1  2  F  F  F 

(3)  N_(N  (M))  »  N  (M) ,  hence  N„(M)  is  normal. 

F  F  F  F 

By  (1)  we  haye  that  N  fM)  £  NfN  (M)) .  Let 
F  F  F 

y  e  N_fN  (M)),  then  y+x  e  N  fM)  for  some  x  e  N_(M),  But  y+x  e  N  (M)  implies 
F  F  IF  i  F  lF 

y+x  +x  e  M  for  some  x  e  M  and  x  e  N„(M)  implies  x  +x  e  M  for  some  x  e  M, 
12  2  1  '  v  i  3  3 

Hence,  y+(x  +x  +x  )  e  M  where  x  +x  +x  e  M,  which  shows  that  y  e  N  (M) .  Thus 
1  2  3  1  2  3  h 


we  have  N„(M)  =  N„(N  (M) ) . 
F  F  F 


(4)  Let  M  ,M  be  submonoids  of  F;  if  M  Cm  then 
12  12 


w  -  nfcv 


Let  x  e  N  (M  )  then  x+y  e  M  CM  for  some 
F  12 

y  e  M  CM  which  shows  that  x  e  N  (M  ) . 

12  F  2 

To  complete  the  proof  of  (i) ,  let  M'  be  any  normal  submonoid 

of  F  which  includes  M,  then  N  (M)  C  N  (M1)  =  M'.  This  shows  that  N  (M)  is  the 

F  F  F 

minimal  normal  submonoid  of  F  which  includes  M. 


5. 


The  proof  of  (ii)  follows  immediately  from  Df.  1. 


Corollary: 


Let  M  be  any  intermediate  submonoid  of  F  bstween 

l 


M  and  N  (M),  (i.e.,  M  ‘  M  «  N  (M)),  then 
F  1  F 


urn)  •  ncm- 

r  1  r 


Proof : 


Immediate  . 


Lemma  2:  Let  4> :  F  -*•  P'  be  a  homomorphism  of  F  onto  a  monoid 

F  .  If  M  is  a  normal  submonoid  of  F  then  ^(M  ) 
11  11 

is  a  normal  submonoid  of  F.  In  particular,  the  kernel  of  <p  is  a  normal  submonoid 
of  F. 

Remark :  Note  that  from  the  commutativity  of  F  it  follows 

that  F  is  commutative. 

l 

Proof;  Since  $  is  a  homomorphism  it  follows, immediately 

that  4>" 1  (M^ )  is  a  submonoid  of  F.  Let  x,x+y  e  <p~ 1  (M^) 
where  x,y  e  F,  then  we  have  $(x) ,$(x+y)  =  <M>W(y)  e  M  .  Since  is  normal 
we  have  that  <#> (y)  e  and  therefore  y  e  ^-1(M  ).  Hence  is  a  normal 


submonoid  of  F 


Since  X*  *  {X}  is  a  normal  submonoid  of  we  get  that 
ker  <f>  =  r^X)  =  4>"  *  (X*)  is  a  normal  submonoid  of  F, 

Lemma  3:  Let  M  be  a  submonoid  of  F;  then  (x+M)n  (y+N)  J  0 

iff  (x+N  (M))  A  (y+N  (M))  ^  0 
r  F 

Proof:  From  M  C  Np(M)  it  follows  that  (x+M) r\  (y+M)  i  0 

implies  (x+Np(M))  A(y+Np(M))  i  0.  On  the  other  hand, 
let  (x+N  (M)) n  (y+N  (M) )  i  0  then  we  have  x+x  =  y+y  for  some  x  y  e  n  (M) ; 

•  r  ll  lip 

hence  Xj+Uj  *  u2  and  y^v^  v ^  for  some  Uj.v^  uz,  v 2  e  M.  Therefore, 
x+Xj^i^i  =  x+u^Vj  and  x+Xj+u^+v^  *  y+yi'*,vi+ui  =  y+v  ^u^,  which  imply 
x+(u2+vx)  ■  y+(v2'fu1)  and  this  shows  that  (x+M)  a  (y+M)  +  0  since  u2+vj»v2+ui  e  M 

Lemma  4:  Let  M  and  N  be  two  submonoids  of  F.  If  M  *  N 

and  N  is  normal  then 

x  e  N  5  (x+M)  A (y+M)  +  0  implies  y  e  N. 

Proof:  We  have  y+m  =  x+m  where  m  .m  e  M  €  N.  Hence 

— —  2  j  r  2 

m^.y+m  e  N  and  therefore  y  e  N, 


Definition  2: 


Let  M  and  M  be  two  submonoids  of  F.  We  say  that 
1 

is  subtractive  onto  M  iff  for. any  x  e  there 
is  y  e  M  such  that  xssy  e  M.  We  denote  by  Sp(M)  the  set  of  all  elements 
x  e  F  such  that  x+y  £  M  for  some  y  e  F. 

Lemma  5:  Let  M  be  a  submonoid  of  F,  then  S  (M)  is  the 

. —  1  r 

maximal  submonoid  of  F  which  is  subtractive  onto  M. 

Proof:  Clearly  X  e  S„(M).  Let  x,y  e  S  (M),  then  we  have 

. .  r  F 

x+x  ,y+y  e  M  for  some  x  ,y  e  F.  Hence 
1  1  11 

(x+y)+(x  +y  )  =  (x+x  )+(y+y  )  e  M,  which  shows  that  x+y  e  S  (M) .  Therefore 
1111  r 

S  (M)  is  a  submonoid  of  F.  By  the  definition  of  SC(M)  it  follows  that  any  sub- 
F  t 

monoid  of  F  which  is  subtractive  onto  M  is  included  in  Sp(M). 

Corollary:  M  C  Sp(M). 

Proof:  M  itself  is  subtractive  onto  M. 

Lemma  6:  Let  M  be  a  submonoid  of  F  then  Sp(M)  satisfies  the 


following  condition: 


8. 


for  any  x,y  e  F  :  x+y  t  S  (M)  implies 

F 


x  e  Sp(M) ,  (In  particular,  x+y  e  M  implies  x  e  Sp(M),) 


Proof:  Let  x+y  e  Sp(M)  then  x+(y+z)  e  M  for  some  z  e  F, 

hence  x  e  Sp(M), 

Corollary:  Sp(M)  a  normal  submonoid  of  F,  Hence,  x  e  S^(M)  § 

(x+M) n  (y+M)  j  0  implies  y  e  S  (M) . 

r 


Proof: 


Immediate;  the  result  follows  from  Lemma  4. 


Lemma  7: 


S  is  a  closure  operation  on  the  submonoids  of  F;  i.e., 
F 

(i)  M  e  S  (M)  and  S  (M)  is  a  submonoid  of  F, 

F  F 

(ii)  M  S  M  implies  S„(M  )  £  S_(M  ), 

12  r  1  “2 

(iii)  Sp(SpCM))  =  Sp(M) . 


Proof;  We  had  (i)  as  a  corollary  to  Lemma  5.  The  proof 

of  (ii)  is  immediate  by  Df.  2.  From  (i)  follows 

that  Sp(M)  S  Sp(Sp(M));  so  let  x  e  S  (Sp.(M))  then  we  have  x+y  e  Sp(M)  for  some 

y  e  F  and  so  we  have  x+(y+X)  c  M  for  some  y,z  e  F,  thus  x  e  S_(M). 

F 


Corollary:  Let  be  an  intermediate  submonoid  of  F  between 


M  and  Sp(M)  then  SpfM^  -  S  (M) , 


Proof : 


Immediate. 


Lemma  8: 


Let  M  be  an  intermediate  submonoid  of  F  between 
1 


onto  M. 


M  and  S  (M) .  If  M  is  normal  then  it  is  subtractive 
F  1 


Proof : 


Let  x  e  M  *  S  (M) ,  then  x+y  e  M  for  some  y  e  S  fM) , 
1  F  F 


But  M  *  M  and  so  x,x+y  e  which  implies  that 

y  e  M  .  Hence  for  any  x  e  M  there  is  y  e  M  such  that  x+y  e  M. 

1  1  1 


Lemma  6  implies  the  following  relation  between  the  sets 


of  generators  for  F  and  for  SC(M) 


Lemma  9: 


Let  W  be  a  set  of  generators  for  F  then 


W'  =  {w  e  W  :  (w+F)n  M  ^  0}  is  a  set  of 
df 


generators  for  S  (M) .  In  particular,  if  W  is  a  basis  of  F  then  W'  is  a  basis 
F 


of  Sp(M) . 


10. 


Proof :  From  the  definition  of  W  it  is  clear  that 

W'  S  Sp(M).  Let  x  e  Sf,(M)  *  F  then  x  is  a  finite 
sum  of  elements  of  W.  Let  w  be  any  element  of  W  which  is  a  summand  of  x, 
then  we  have  x  =  w+y  which  implies  by  Lemma  6  that  w  e  Sp(M)  and  therefore 
w  e  W.  Hence  x  is  a  finite  sum  of  elements  of  W  which  shows  that  Sp(M)  is 
generated  by  W'. 


Corollary: 

(i) 

If  F 

is  free  then  Sp(M)  is  free. 

(ii) 

If  F 

is  finitely  generated  then  Sp.(M)  is 

finitely  generated. 


Proof:  Immediate. 


The  proof  of  the  following  lemma  is  now  obvious  and  so 


is  not  given  here. 


Lemma  10:  Let  M,  M  and  M  be  submonoids  of  F. 

-  1  2 

(i)  M  S  M  implies  that  if  M  is  subtractive  onto 
1  2 


M  then  it  is  subtractive  onto  M  . 
l  2 


12. 


y  t  H  (M).  Thus  H  (M)  is  normal. 

F  F 

Let  x  e  H  (M)  then  kx  e  N  (M)  for  some  positive 
F  F 

integer  k.  Hence  x+(k-l)x£  N  (M)  £  S  (M)  which  implies  by  Lemma  6,  that 

F  F 

x  e  S  (M) .  Thus  H  (M)  £  Sp(M)  and  so  by  Lemma  8,  H  (M)  is  subtractive  onto  M. 
F  F  r  ** 

Corollary :  x  e  H^(M)  §  (x+M)  f>  (y+M)  i-  0  implies  y  e  Hp(M). 

Proof :  Immediate  by  Lemma  4 . 

Remark:  The  relation  x*r\N  (M)  i  X*  can  be  interpreted  as 

p 

the  "linear"  dependence  of  x  on  M.  This  interpre¬ 
tation  is  in  particular  obvious  in  the  case  where  F  is  a  finitely  generated 
free  commutative  monoid.  In  this  case,  F  can  be  embedded  in  a  linear  space 
over  the  rationals,  Rn  (where  n  is  the  number  of  the  free  generators  of  F) 
and  lip(M)  is  the  intersection  of  F  with  the  subspace  of  Rn  spanned  by  M. 


Lemma  12: 


Hp  is  a  closure  operation  on  the  submonoids  of  F;  i.e., 

(i)  M  s  HC(M)  and  H  (M)  is  a  submonoid  of  F, 
r  F 

(ii)  implies  HpCM^  €  Hp(M^), 


Proof : 


From  Lemma  11  we  have  (i).  (ii)  follows  directly 


from  the  definition  of  H  (M).  From  (i)  we  infer 

F 

that  H  (M)  6  H_  (H  (M) ) ,  so  let  x  e  H(H  (M)).  If  x  *  X  then  x  e  H  (M). 

F  r  F  F  F  F 

If  x  i  X  then  x*n  N  (H  (M))  f  X*.  By  Lemma  11  we  have  that  H  (M)  is  normal 
F  F  F 

and  therefore  we  have  for  x  t  X  and  xeH  (H  (M))  that  x*nH  (M)  i  X*.  This 

F  F  F 

implies  k^x  e  Hp(M)  for  some  positive  integer  k^;  hence  k  k  x  e  Np(M)  for  some 

positive  integers  k  and  k  ,  which  shows  that  x  e  H  (M). 

12  F 


The 

in  the  following  Lemma, 
discussions. 


algebraic  relations  among  N  ,  H  and  S  are  summarized 

r  p  r 

some  of  them  are  implied  directly  by  our  previous 


Lemma  13:  The  three  operations  Nn,  H„  and  S„  are  commutative, 

_____  r  F  F 

idempotent  and  satisfy  the  following  relations: 

(i)  hf  .  nf  -  hf 

(ii)  S.  •  N.  '  S.  o  H  «  Sc  . 
h  F  F  F  r 

In  other  words,  the  semigroup  of  operations  G  generated  by  Np,  Hp,  Sp  is  a 

commutative  idempotent  monoid  with  a  zero,  in  which  N  is  the  identity  element 

F 


and  Sp 


is  its  zero  element. 


Proof :  All  we  need  to  show  is  that  the  following  table 


is  the  multiplication  table  for 


£s 


t 

o 

N 

F 

il 

F 

SF 

N 

H 

S 

F 

F 

F 

F 

11 

11 

11 

S„ 

F 

F 

F 

F 

S„ 

S 

S 

S 

F 

F 

p 

F 

By  Lemma  1,  corollary  of  Lemma  6  and  Lemma  11,  we 


have  the  following  relations: 


NF  °  Np  =  Np,  Np  .  Sp  =  Sp  and  Np  .  H  =  lip  . 
From  the  corollary  of  Lemma  7  and  Lemma  11  we  get 


the  relations: 


S 

F 


Hp  =  Sp 


From  Df,.  3  and  the  relation  N  «  N  =  N„  we  get  the 

!*  F  F 


relation: 


Hp  o  Np  =  Hp  . 


By  Lemma  7  and  Lemma  12  we  have  the  relations: 


15. 


S  o  S  =  S„  and  iic  o  H  «*  H  . 

F  F  F  F  f  F 

Hence,  we  need  to  prove  only  that  lip  0  =  Sp  holds.  By 

Lemma  12  we  know  that  S  (M)  €  11  (S  (M));  so  let  x  e  lL(S  (M))  then  we  have  . 

r  r  r  I*  F  ' 

kx  e  N„(S  (M) )  =  S  (M)  for  some  positive  integer  k.  But  kx  =  x+(k-l)x  and  so 
r  p  F 

by  Lemma  6  we  have  that  x  e  S  (M) .  Hence  we  have  Up  o  =  Sp  . 


§3  Factor  monoids 


The  method  by  which  factor  groups  are  defined  in  group 

theory  cannot  be  applied  directly  to  our  context  in  order  to  get  a  definition 

of  factor  monoids.  This  is  due  to  the  fact  that  in  our  case  we  do  not  have 

the  property  that  two  cosets  are  either  disjoint  or  identical.  However,  by 

defining  a  suitable  equivalence  relation  in  F  we  can  define  F/M  to  be  the 

abstraction  of  F  by  that  equivalence  relation  and  the  term  "factor  monoid" 

will  be  appropriate  for  F/M  in  the  sense  that  factor  groups  become  special 

cases  of  factor  monoids  and  the  theory  of  factor  monoids  will  be  similar  to 

theory  of  factor  groups.  With  this  aim  in  mind  we  follow  the  suggestion  of 

Mezei  [2]  for  the  equivalence  relation  p  and  introduce  the  following  definition. 

M 

Definition  4:  Let  M  be  a  submonoid  of  F,  we  define  a  binary  relation 

PM  in  F  by 

xp  y  iff  (x+M)  n  (y+M)  /  0  • 

M 

Furthermore,  we  shall  use  the  following  notations: 

(i)  for  any  equivalence  relation  p  which  is 
defined  in  F:  p(x)  =  (y  e  F  :  xpy  }. 


(ii)  for  any  submonoid  M'  of  F  we  define 


17 


M'/M  =  M ' / p  =  {p  (x)  :  x  e  M'  }  .. 

df  M  M 

Theorem  1 :  (Mezei)  For  any  submonoid  M  of  F,  pm  is  the 

minimal  congruence  relation  p  which  is  defined 

in  F  such  that  p(X)  =  N  (M) . 

F 

Proof :  From  the  definition  of  pM  it  follows  immediately  that 

PM  is  symmetric  and  reflexive.  Let  x  pM  y  and  y  p^  z, 

then  we  have  x  +  m  =  y  +  m  and  y  +  ro  =  z  +  m  for  some  m  ,  m  ,  m  ,  m  e  M. 

12  3  4  12  3  4 

Hence  x  +  m  +  m  =z+m  +m  and  m  +  m  ,  m  +  m  e  M  which  imply  x  p  z  . 

1  3  2  4  1  3  2  .4  M 

Thus  pM  is  an  equivalence  relation. 

Let  x  p  y  and  z  be  any  element  of  F,  then  we  have 

x+m  =  y  +  m  for  some  m  ,  m  e  M.  Hence  (x+z)  +  m  =  (y+z)  +  m  which  shows 

12  12  1  2 

that  (x+z)pM(y+z) .  Therefore  pM  is  a  congruence  relation  defined  in  F. 

By  Lemma  3  we  have  that  x  e  p  (X)  iff  (x  +  N  (M))nN_(M)  /  0. 

M  F  F 

But  since  N  (M)  is  normal  we  have  (x  +  Nc(M))nN  (M)  i  0  iff  x  e  N  (M) .  Hence 

*  r  p  p 

PM(x)  =  Nf(M). 

Now  let  p  be  any  congruence  relation  which  is  defined  in 
F  such  that  p(X)  =  Np(M).  By  Lemma  3  we  have  that  x  y  implies 
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x  +  m  -  y  +  m  for  some  m  ,  m  e  N  (M)  =  p(A),  Since  p  is  a  congruence 
1  2  1  2  F 

relation  we  have  x  +  m  p  x  and  y  +  m  p  y,  which  together  with  the  equality 

1  2  ' 

x.  +  mi  ■  y  +  m^  imply  x  p  y.  Hence  x  pM  y  implies  x  p  y. 


Another  connection  among  congruence  relations  which  are 


defined  in  F,  is  given  in  the  following  lemma. 


Lemma  14: 


Let  M  and  M  be  two  submonoids  of  F  such  that 
1  2 


Mj  ~  m2  arul  let  x*y  e  F»  then  x  PM  y  implies  x  pM  y. 


Proof :  Immediate  by  Df.  4  . 


Definition  5:  Let  M  be  a  submonoid  of  F,  we  define  a  binary 

operation  @  in  F/M  by: 

PMW  ®  pM^  “df  PM(x+y) 


Theorem  2 :  Let  M  be  a  submonoid  of  F,  then: 

(i)  <F/M,  @>  is  a  commutative  monoid  with  p  (X) 

M 


as  its  identity  element; 


(ii)  <F/M,  8>  is  the  image  of  <F,  ♦>  under  the 


homomorphism  r.,(x)  =  p  w(x)  whose  kernel  is  N  (M) ; 

M  dr  M  F 

(iii)  the  maximal  submonoid  of  <F/M,  @>  which  is 

a  group  is  <S  (M)/M,  8>  ; 

F 

(iv)  if  F  is  a  cancellative  monoid  (i.e.,  if  x  +  i 

y  +  z  implies  x  *  y  for  all  x,  y,  z  c  F,)  then  <S  fM)/M,  8>  is  the  maximal 

F 

subsemigroup  of  <F/M,  @>  which  is  a  group. 

Remark:  As  it  is  usually  done,  we  shall  use  the  symbols 

"P/M",.  uSp(M)  /M"  and  "Hp(M)/M"  to  denote  the 
sets  of  the  equivalence  classes  and  the  algebraic  systems  consisting 

of  these  sets  and  the  operation  ®. 

Proof:  Since  is  a  congruence  relation  we  get  that 

x  p  x  and  y  p  y  imply  (x  +  y  )  p  (x+y)  and 
*  ‘ 1  i  M  1  1  M 

therefore  8  is  well  defined. 

(i)  Clearly  F/M  is  a  commutative  semigroup,  and 
p^(x)  8  PMU)  =  M(x)  holds  for  any  x  e  F  since  pM  is  a  congruence  relation. 
Hence  F/M  is  a  commutative  monoid  with  p^(X)  as  its  identity  element. 


(ii)  Immediate. 
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(iii)  pw(x)  is  a  unit  in  F/M  iff  there  is  y  e  F 

such  that  p^(x+y)  =  pM(X).  Hence,  by  Lemma  6  and  Lemma  11,  pm(x)  is  a  unit 

in  F/M  iff  x  e  S  (M) .  Since  S  (M)/M  forms  a  group  we  get  that  it  is  the 
F  F 

maximal  submonoid  of  F/M  which  is  a  group. 

(iv)  We  have  to  show  that  in  the  case  where  F  is 

cancellative,  pM(x)  +  pM(u)  =  p  (x)  implies  pm(u)  =»  pM(X).  From  (x+u)  pM  x 

follows  x+u+m  =  x  m  (for  some  m  ,  m  e  M) ,  hence,  by  the  law  of 
1  2  12 

concellation  we  get  u  +  m  =  m  which  shows  that  p.,(u)  =  p  (X). 

12  M  M 


We  can  strengthen  the  result  stated  in  Theorem  2  (iii) 


as  follows: 


Lemma  15: 


Let  M  and  M  be  submonoids  of  F,  then  M  /M  is  a  submonoid 
1  1 

of  F/M  which  is  a  group  iff  M  is  subtractive  onto  N  (M) . 

F 


Proof :  If  M^/M  is  a  group  then  for  any  x  e  M^  there  is 

y  e  M  such  that  p  (x+y)  =  p  (X) .  Thus,  for  any 
1  M  M 

x  e  M,  there  is  y  e  M  such  that  x  +  y  e  p,.(X)  =  N  (M) .  Hence  M  is 
*  1  M  F 

subtractive  onto  Np(M). 

If  M  is  subtractive  onto  N„(M)  then  for  any  x  e  M 
1  F^  '  1 

there  is  y  e  M^such  that  x  +  y  E  Np(M).  Hence  for  any  a  e  M1  /M  there  is 
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b  e  M'  /M  such  that  a  §  b  =  pM(X)  and  since  M  /M  is  a  commutative  monoid,  this 
implies  that  M  /M  is  a  group. 

Corollary:  If  M  -  M  then  M  /M  is  a  group  iff  M  is  substractive 
-  l  l  l 

onto  M. 

Proof :  Immediate  by  Lemma  10  (ii)  . 

Most  of  the  expected  connections  between  homomorphisms 
of  monoids,  factor  monoids,  congruence  relations  and  normal  submonoids  can 
be  established  similarly  to  the  corresponding  results  of  group  theory. 

Theorem  3:  Let  F  and  F  be  commutative  monoids  and  let 

-  i 

f  :  F  -*•  F  be  a  homomorphism  of  F  onto  F 
1  1 

(i)  K^,  the  kernel  of  f  is  a  normal  submonoid  of  F. 

(ii)  The  relation  p^.  determined  in  F  by  f: 

xpPy  4 . . . >  f(x)  =  f(y)  , 

1  df 

is  a  congruence  relation  and  p£(X)  =  . 

(iii)  F  is  unit-free  (i.e.,  u  +  v  =  A  implies 
u  =  X  for  all  u,  v  e  F  ,)  iff  Sp(K£)  =  Kp 


Proof 


(i)  See  Lemma  2. 


(ii)  Immediate. 


(iii)  Let  x  +  y  e  Kf  then  in  F  we  have  f(x)  +  f(y) 
Hence,  if  F  is  unit-free  then  x  +  y  e  implies  x  e  which  shows  that 
sp(Kf)  *  K£  ,  On  the  other  hand  if  we  have  in  F  u  ♦  v  =  X  then  u  =  f(x) 
and  v  =  f(y)  for  some  x,  y  e  F  and  f(x+y)  =  f(x)  +  f(y)  =  u  +  v  =  X;  i.e., 
x  +  y  e  Kf.  Hence  if  (K^)  =  then  we  have  x  e  and  therefore  u  ■  f(x)  = 
and  thus  is  unit-free. 


Theorem  4: 


homomorphism  $:F/K  -*• 


Let  F  and  F  be  commutative  monoids  and  let  f:  F  -»•  F 
1  l 

be  a  homomorphism  of  F  onto  F  .  There  exists  a  unique 
F^  such  that  the  following  diagram  is  commutative. 


■>  F 


that  is,  °  r  -f  (where  r  (x)  =  p  (x)).  Moreover ,<ji  is  onto  and  it  has 

Kf  cif  *•£ 

a  trivial  kernel,  namely  =  { Kf  } .  However,  <}>  is  an  isomorphism  of  F/K 


onto  F  iff  p  o 

1  V  Kf* 


Proof : 


that  p  is  the  minimal  congruence  relation  p  which  is  defined  in  F  such  that 
kf 

p(X)  =  K  .  By  Theorem  3 (ii)  we  have  thatp^  is  a  congruence  relation  which  is 
defined  in  F  such  that  p£.(A)  =  .  Hence  p^  implies  p^.,  which  shows  that  <p 
is  well  defined.  It  is  obvious  that  <j>  is  the  only  mapping  from  F/K  to  F^ 


which  satisfies  the  relation  <s>or,,  =  f. 

hf 

From  the  fact  that  r  and  f  are  both  homomorphisms  of  F 
Kf 

and  f  is  onto,  and  from  the  relation  (j>®r  =  f  it  follows  that  4>  is  a  homo¬ 


morphism  of  F/K^.  onto  F^  . 


Note  that 


PK  (x)  e  iff  f(x)  =  X  in  F1  , 


i.e,,  iff  x  e  K,.  , 


i.e.,  iff  p  (x)  =  Kf 
hf 


Hence,  K  =  {h,?  } . 

1 


Now,  if  p  =  pk-  and  <Kp..  U))  =  4>(p..  (y))»  then 
r  k£  »'£ 


f(x)  =  f(y)  and  therefore  pfx)  =  p..  (x)  =  p  (y)  =  pfy).  Hence  p  =  p 

f  Kf  Kf  f  1  Kf 


implies  that  <f>  is  an  isomorphism  of  F/K^  onto  F^.  On  the  other  hand,  if  >j>  is 
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isomorphism  ths.ii 

f(x)  =  4>(pk  (x))  =  <j>(p  (y) )  =  f(y)  implies  pk  (x)  =  pR  (y) 

f  Nf  f  f 

that  is,  that  pf  implies  p,.  Since  always  p  implies  pf,  we  get  that  if  4 
t  f  Kf  * 

is  an  isomorphism  then  p^  =  pR 

We  end  this  section  with  a  discussion  on  certain  con¬ 
ditions  for  F/M  to  he  finite. 

Lemma  16:  Let  M  be  a  submonoid  of  F.  If  F  is  cancel lative  and 

S  (M)  /  F  then  F/M  is  infinite  (and  so  F  is  infinite 

r 

too)  . 

Proof :  Let  x  e  F  and  let  k^  >  k9  be  two  distinct  non-negative 

integers.  Assume  that  p  (k.x)  =  p  (k  x) ,  then  k  x  +  m  =  k„x  +  m„  for  some 

M  1  M  2  1  1  2  2 

m  ,  nu  e  M.  Hence  k  x  +  (k  -k  )x  +  m  =  k~x  +  m  ,  which  by  cancellation  implies 
lc  2  J-2  ic  2 

(k  -  k7)x  +  m  e  M.  Since  k  >  k_  we  get  k  -k  =  1  and  so  we  have 

1  c  j  1  c  12 

x  +  ((k1-k2-l)x  +  mj)  c  M  whicli  shows  that  x  e  Sp(M).  Hence  if  x  i  Sp(M^  then 

p  (k  x)  t  p  (k_x)  for  any  distinct  non-negative  integers  k. ,  k0,  and  thus  F/M 
M  1  M  c  1  c 


is  infinite. 
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Lemma  17: 

implies  |  k^-k^  I x  = 
(where  x  e  F  but  x 
such  that  x  +  y  = 

Proof : 

Corollary : 

Remark: 

Lemma  18: 

of  F  generated  by  < 
Proof: 


Let  F  be  cancel lative  and  M  be  a  submonoid  of  F. 

If  x  e  F  but  x  /  lip  CM)  then  p^fk^x)  =  P^C^x) 

X  .  In  particular,  if  k^  £  and  yet  p^(kpX)  =  p^fk^x), 
i  lip  (MO ,  )  then  x  is  a  unit  of  F  (i.e.,  there  is  y  e  F 
)• 

As  in  the  proof  of  Lemma  16  we  get  that  { k ^ - k ^  |  x  e  N'p(M). 
Thus  x  £  Hp(M)  implies  | k^ - k  | x  =  X. 

Let  F  be  cancellative  and  unit-free  and  let  M  be  a 
submonoid  of  F.  If  H  (M)  £  F  then  F/M  is  infinite. 

Note  that  since  Up (M)  5  Sp (M)  £  F  holds,  llp(M)  =  F 
implies  Sp(M)  =  F. 


Let  F  be  cancellative  and  unit-free,  M  be  a  submonoid 
of  F  and  w  e  F;  then  w*r\  Np(M)  is  a  normal  submonoid 
unique  element. 

Let  x,  x  +  y  e  w*  for  x,  y  e  F,  then  x  =  k  w  and 
x  +  y  =  k2W  for  some  non-negative  integers  k^,  k£. 
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If  k  =  k  then  let  k  =  k,  +  k  and  we  have  kw+kw=kw+y  and  so  by 
2  1  2  A  1  1 

cancellation  we  get  y  =  kw  e  w*.  If  k2  <  k^  then  let  kj  =  k2  +  k  and  we 
have  x  +  y  +  kw  =  x  and  so  by  cancellation  we  get  y  +  kw  =  X.  Hut  F  is 
unit-fi'ee  and  therefore  we  have  y  =  X  e  w*.  Thus  w*  is  a  normal  submonoid 
of  F.  Hence  w*  r\  Np(M)  as  an  intersection  of  normal  submonoids  of  F  is  a 
normal  submonoid  of  F  too. 

If  w*A  Np(M)  =  X*  then  X  is  the  generator  of  wMNp(M).  If 
w*n  Np(M)  i  X*  then  let  kQ  be  the  minimal  positive  integer  k  such  that 
kw  e  (w*nNp(M)).  Clearly  (kQw)*  £  (w*nNp(M))  and  we  shall  show  that 
(kQw)*  =  (w*n  Np  (M) ) . 

Let  kw  e  (w*nNp(M)}  and  let  k  =  pkQ  +  r  where  p,r  are  non-negative 
integers  such  that  0  =  r  <  kQ.  Then  we  have  kw  =  p(kQw)  +  rw  and 
kw,  p(k^w)  e  (w*r>Np(M)).  But  w*r»Np(M)  is  normal  and  therefore  rw  e  (w*n  Np(M)) 
hence,  by  the  choice  of  kQ  it  follows  that  r  =  0  and  kw  =  p(kQw)  e  (kQw)*. 

Thus  w*A  Np(H)  =  (k^w)*. 

As  for  the  uniqueness  of  the  generator  of  w*  A  N  (M)  we -shall  show  that 
xj  =  x*  implies  Xj  =  x2>  From  x|  =  x*  follows  that  x^  =  k2x0  and  x2  =  k^ 
for  some  positive  integers  k  ,  k  .  Hence  x.  =  k  k.x  and  x  =  x,  +■  (k.k  -l)x 
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which  by  cancellation  implies  (k^-lJXj  =  A  and  this  by  the  fact  that  F  is 
unit-free,  implies  =  1  and  thus  =  x0  . 


Definition  6:  Let  F  be  cancel lative  and  unit-free,  and  M  be  a 

submonoid  of  F.  For  any  set  B  =  {..w,,,}  of 

generators  for  ll„(M)  we  associate  the  set  B  =  {...e,  ...}where  e.  =  k.w., 

°  F  Mi  ill 

for  any  i,  is  the  generator  of  w?nN  (M). 

1  F 

he  denote  by  [B^]  the  set  of  all  elements  of  of 

the  form  x  «  Ba^w^  where  for  any  i  ;  0  =  ai  <  k^  (and  a^  1  0  only  for  a 
finite  set  of  values  for  i) . 

Lemma  19:  Let  M  be  a  submonoid  of  F  where  F  is  cancellative  and 

unit-free,  and  let  B  be  a  set  of  generators  for 

Hp (M) .  Then : 

(i)  B^|  is  a  set  of  elements  of  N  (M), 


x  +  B*  -  y 
M 


+  B 


M* 


(ii)  for  any  x  e  Hp(M)  there  is  y  e  [BM]  such  that 


x  e  N  (M). 
2  F 


(iii)  +  U*)  n  (x2  +  B*)  t  0  and  Xj  e  Np(H) 


Proof : 


From  the  definition  of  B 

M 

is  a  set  of  elements  of  Np 


it  follows  directly  that  ii 

(M) .  Hence  B*  G  N  (M)  and 
M  F 


M 


this  implies  (iii). 

Let  x  e  II  (M)  then  x  =  Ea.w.  .  For  any  i  there  are 
F  ill 

non-negative  integers  and  such  that  =  b^k  +  c^  and  0  -  c^  <  k^; 

so  x  =  Ib.e.  +  Ic.w.  .  Let  m  =  £b.e.  and  y  =  J  o.w.  then  x  e  B*  ,  v  e  [B.,1 
111  111  111  Ill  M  M 

and  x  =  y  +  m.  Hence  x  +  B*  €  y  +  a*  . 


Corollary:  (i)  [B  ]  u  B  is  a  set  of  generators  for  Jfp(M). 

(ii)  Hp(M)  =  U  (y  +  B*  :  y  e  [B^] }  . 

(iii)  ([BM]n  Np (M))  0  B  is  a  set  of  generators 

for  Np  (M) , 


(iv)  Np (M)  =  U{x  +  *'*  :  y  e  ([Ii„l  n  Np(M))}  . 


In  order  to  apply  these  results  to  factor  monoids  we  need  the  fol¬ 


lowing  lemma. 
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Lenuna  20: 


Let  Mj  and  be  subnonoids  of  F  such  that  M  s 


If  F-'/M^  is  finite  then  F/M^  and  Mj/M^  are  finite  too 


(hence,  N  (M_)/M  is  also  finite.) 

r  £  1 


I’roof : 


Let  F/M1  =  {pM  (x1),  ...,  pM  (xk)>  .  By  l.emma  14 


we  have  tliat  for  any  x  e  F  :  p..  (x)  -  p^  (x) 


Hence  F  =  p^  (x^)  and  therefore  I-/M  contains  at  most  k  elements. 


i=l  2 


Let  pj(x)  be  an  element  of  then  pj(x)  -  p^  (x)  e  F/M^. 

Let  px(x)  and  p^y)  be  any  elements  of  N^/t^  which  are  included  in  pM  (z)  for 


some  z  e  F,  then  xpm  y  and  therefore  p,(x)  =  p,(y).  Hence  M0/M,  contains 


1 


1 


2  1 


at  most  the  same  number  of  elements  as  F/M  . 

2 

By  taking  M  =  Np(M2)  we  get  that  Np(M2)/M1  is  finite 
Theorem  5:  Let  F  be  cancel lative  and  unit-free  and  M  be  a 


submonoid  of  F.  If  II  (M)  is  finitely  generated 
F 

then  Np (M)  is  finitely  generated  and  H);(M) /M  is  finite. 


Proof : 


Let  B  be  a  finite  set  of  generators  for  H  (M) ,  then 

r 


clearly  B  and  [B  ]  are  finite. 

M  M 

From  the  corollary  of  Lemma  19  it  follows  that  Np(M)  is  generated  by  a  subset 


of  [B^]  u  and  so  it  is  finitely  generated.  From  the  same  corollary  follows 


I 


that  H  (M)/B*  is  finite,  but  B*  -  N  (M)  and  so  by  Lemma  20  we  have  that 

r  M  Mr 


Hc(M)/Nr(M)  is  finite  but  H_(M)/N„(M)  =  H  (M)/M  and  so  Hr. (M)/M  is  finite, 
r  r  r  F  F  r 


Combining  Theorem  5  with  the  corollary  of  Lemma  17  we 


get  a  necessary  and  sufficient  condition  for  F/M  to  be  finite  in  the  case 
where  F  is  finitely  generated, cancellative  and  unit-free,  e.g.,  in  the  case 


where  F  is  a  finitely  generated  free  commutative  monoid. 


Theorem  6:  Let  F  be  a  finitely  generated  cancellative  and 


unit-free  commutative  monoid  and  let  M  be  a  sub¬ 


monoid  of  F  then  F/M  is  finite  iff  H_(M)  =  F. 

r 


4 
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14  Normal  submonoids  of  F 

n 

Let  Fn  be  the  free  commutative  monoid  generated  by 

E  =  {e.,  ....  e  }  .  The  special  case  of  the  finitely  generated  submonoids 
1  n 

of  F^  is  of  importance  to  the  study  of  commutative  events  since  these  are 
the  submonoids  of  F  which  are  denoted  by  regular  expressions  over  E  as 
an  alphabet.  For  a  detailed  discussion  on  this  connection  the  reader  is 
referred  to  [1], 

Lemma  21:  Let  M  be  a  submonoid  of  Fn»  There  is  a  finitely 

generated  free  submonoid  N  of  Np(M)  which  is  normal  in  F^  and  Hp  (M)  =  il^  (N) . 

n  n 

Proof:  Let  Rn  be  the  n-dimensional  vector-space  over  the 

rationals;  then,  as  one  can  easily  verify, 

H  (M)  =  F  nv(M)  where  V(M)  is  the  sub-vector-space  spanned  by  M  and  clearly 
F  n 

n 

F  is  the  first  orthant  of  Rn. 
n 

From  linear  algebra  we  know  that  for  any  sub-vector-space 

V  of  Rn  which  has  a  basis  in  the  first  orthant  of  Rn  ,  one  can  find  such  a 

basis  (Vj,  ...,  v^ }  with  the  additional  property  that  v  is  a  vector  of  V  with 

k  > 

non-negative  components  only  iff  v  =  E  r-v.  where  for  all  1  =  i  ^  k  :  r,  =0. 

i=l  1 
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Since  M  -  F  ,  V(M)  has  such  a  basis  in  the  first  orthant  of  Rn  say 

For  any  v.  in  this  basis  there  is  positive  integer  p.  such  that  p.v^  e  F 

i  i  1  1  n 

and  therefore  p..v^  e  Hp  (M) .  But  this  implies  that  p.q.v.  e  Nf  (M)  for  some 

n  n 

positive  integer  q^.  So  let  w^  =  k^v^  be  the  first  non-zero  point  on  the 

line  determined  by  v^  which  is  an  element  of  Np  (M) .  Since  {v^,  v^} 

n 

is  an  independent  set  of  vectors  in  Rjj  we  get  that  W  =  {w,,  ....  w^}  generates 
a  free  submonoid  N  of  Np(M)  . 

Let  x,  x+y  z  N  for  some  y  z  Fn  then  clearly  y  e  V(M)  and 
k  k  k 

therefore  y  e  Ht,  (M) .  So  let  x  =  Z  a.w.  y  =  l  r.v.  and  x  +  y  =  l  b-w. 

Fn  i=l  1  1  i=l  1  1  i-1  1  1 

then  we  have 

ri  =  Ct>i~a.^) £  0  for  all  1  =  i  £  k 
which  shows  that  y  z  N  and  therefore  N  is  normal. 

From  V (M)  =  V(N)  follows  V (M)  n  Fn  =  V(N)r\Fn,  that  is, 

tlF  (M)  =  H  (N) . 
n  n 

Following  some  of  the  ideas  which  were  discussed  in  the 


last  part  of  the  previous  section  we  define: 
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Definition  7:  Let  N  be  a  normal  free  submonoid  of  Fn  generated 

by  the  basis  W  =  {v^,  ....  w^}. 

a;  We  denote  by  [W]^  the  set  of  all  elements  x  of 
k 

F  for  which  in  ttn  we  have  x  =  £  r.w.  where  for  all  1  M  -  k  :  r;  is 

n  ,=1  i  i  i 

rational  and  0  =  r.  <1. 

l 

b:  We  define  a  binary  operation  <+>  in  the  first 

orthant  of  V(N)  with  regard  to  W: 

k  k  k 

x  =  £  r.w.  and  y  =  £  s.w.  imply  x  <+>  y  =  _  £  (max(r. ,s.))w. . 

i=l  11  i=l  1  1  df  i=l  iii 


Certain  properties  of  <+>  are  summarized  in  the  follow¬ 
ing  lemma;  the  proof  is  straightforward  and  will  not  be  given. 


Lemma  22 :  (i)  <+>  is  associative,  commutative  and  idempotent. 

(ii)  x.y  e  [Wl  iff  x  <+>  y  e  [W]  . 

ri  ii 


Similarly  to  Lemma  19  we  have  the  following  theorem  which 

establishes  the  relation  between  N  and  Up  (N)  in  more  detail. 

n 


I 


Proof : 


(i)  From  the  definition  of  [W]^  it  follows  that  if 


Theorem  7:  Let  N  be  a  normal  free  submonoid  of  F  generated 

-  n 


Then: 


x  +  N  -  y  +  N., 


by  the  basis  IV  and  let  H  =  Hp  (N) . 

1  n 


(i)  [IV]  is  a  finite  set  of  elements  of  H, 
II 


(ii)  for  any  x  e  H  there  is  y  e  [W]  such  that 


(iii)  (x+N) r\  (y+N)  ?  0  (i,e„,  xp  y,)  for  x,y  t  H  implies: 


(1)  (x+N)  r\  (y+N)  =  (x  <+>  y)  +  N, 


(2)  x,  y,  x  <+>  y  e  p.,(x)  , 


(3)  if  x,  y  e  [IV]  then  x  =  y. 
H 


x  e  [W]  then  px  e  N  for  a  suitable  positive  integer 


p  and  since  x  e  F^  it  follows  that  x  e  il.  Clearly  [IV]  is  finite. 

Let  IV  -  (w  ,  w.  }  From  the  definition  of  II,  (see  section 

1  l  F 


1,  Df.  3)  it  follows  that  in  our  case,  for  x  e  F  .  x  e  M  iff  x  =  l  r.w.  where 

n  i-1  1  1 

for  all  1  ^  i  ^  k  :  r^  is  a  non-negative  rational . 


I 


35. 


(ii)  Let  x  e  II  then  we  have  x  =  £  r.w.  for 

i=l  1  1 


non 


-negative  rationals  r^.  For  any  i  —  i  <  k  let  a^  be  a  non-negative  integer 


and  s.  be  a  non-negative  rational  such  that  r.  -  a.  ■*  s.  and  0  =  s.<  1; 

X  ""111  x 

and  so  we  have 

k  k 

x  =  Z  a.w.  +  £  s.w. 

i=l  1  1  i=l  1  1 

k  k 

Let  w  =  Z  a.w. and  y  =  £s^Wj,then  we  have  w  e  N  and  x  =  w  +  y.  From 
i=l  1  1  i=lx 

x,  w  e  F^  follows  that  y  e  Fn  (in  other  words,  Fn  is  a  normal  submonoid  of 
the  first  orthant  of  Rn  which  is  a  commutative  monoid)  and  so  y  e  [W]^  and 
x  +  N^y  +  N. 


(iii)  Let  x  =  Z  r.w.,  y  =  Z  s;w.  and  z  =  Z  t.w. 

i=l  11  i=l  i=l  1  1 


(x+N)f\(y+N)  for  non-negative  rationals  ria  s^  and  t^.  Hence  we  have 

k  k  k  k  k 

z  =  £  t-W-  =  £  r^w.  +  £  a-w.  =  £  s.w.  +  £b.w.  , 

.,11  .,11  ,,ix  .,ix  .,11 

1=1  1=1  1=1  1=1  1=1 

or 

k  k 

z  =  £  (r.+a.)w.  =  £  (s.+b.)w. 

i=l  1  1  1  i=l  1  1  1 

for  non-negative  integers  a^  and  b^.  Since  W  is  a  linear  basis  of  V(N)  we  get 

t.  =  r.  +  a.  =  s.  +b.  for  all  1  -  i  -  k  , 

i  l  l  i  l 

which  implies  t^  =  max(r^,sp  +  min(a^,bp 


a.-b-  =  s.-r. 
ii  ii 


and 


for  all  1  =  i  -  k  . 
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Let  w  =  Z  (uinCa.,b.))w.  then  clearly  w  e  N  and  we 
i«l  ill 

have  z  ■  (x  <+>  y)  +  w  which  implies  (x  +  N)  n  (y  +  N)  *  (x  <♦>  y)  +  N  . 


On  the  otherr  hand  we  have: 
k 


x  <■*■ 


>  y  =  Z  r.w.  *-  l  (s.-r.)w,  »  x  +  Z  (a.-b.)w 
i=l  1  1  s,*r .  1  1  1  a.ib.  1  1  1 


l  a 


1  x 


and 


x  <+>  y  =  z  s  w  +  l  (r.-s.)w.  =  y  +  Z  (b.-a.)w 
i=l  i  i  i, is.  1  1  1  '  '  J 

li  11 


V  —  "  —  "  J  "  . 

b  .-a;  1  1  1 


Hence  x  <+>  y  e  (x  +  N)  n  (y  +  N)  and  This  concludes  the  proof  of  (iii),(l). 
Furthermore,  the  last  equalities-  show  that  (x  <+>  y)p^  x  and  (x  <+>  y)p^  y 
and  since  we  assume  xp^y  we  have-  proved  (iii),  (2). 

The  same  equalities  yield 


x  <+>  y  =  x  +  l  (s  - -r.)w,  -  y  +  z  (r.-s  )w 

s.  -r.  r.-s.  1  1 

li  ii 

and  so  x,y  e  [W]^  implies 

0  =  [r.-s.,  I  <1  for  all  1  £  i  =  k 
1  l  l1 

and  yet  |  -si  | e  N  which  is  3>ossit>le  only  if  |  ri~si  |  =  0  and  therefore  x  =  y 

Corollary:  (i)  [W]^  VV  is  a  set  of  generators  for  11  and 

therefore  H  is  finitely  generated. 


-  J _ _ 
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.  (ii)  H/N  =  {y  +  N  :  y  e  [W] ^ ^ >  and  so  ll/N  is  finite. 


Now,  by  Lemma  21  and  Theorem  5,  Theorem  7  yields  the  fol¬ 


lowing  result: 


Theorem  8:  For  any  submonoid  M  of  F  .  if  M  is  normal  then  it 

-  n 

is  finitely  generated.  In  particular  M  is  a  finite 
union  of  disjoint  cosets  of  a  normal  free  submonoid  of  M. 


Proof :  By  Lemma  21  there  is  a  normal  free  submonoid  N  of 

M  such  that  H  (M)  =  Hp  (N) .  By  Theorem  7  we  get  that  H  (M)  is  finitely 
n  n  n 

generated  and  so  by  Theorem  5  we  get  that  N  (M)  =  M  is  finitely  generated. 

r 

n 

From  the  relations  N  -  M  -  H  (M)  =  H  (N)  it  follows 

F  r 

n  n 

that  x  e  M  and  xp  y  imply  y  e  N  (M)  =  M.  Hence  we  get  M  =  I7(y  +  N  :  y  e  [IV]  nM) 
N  Fn  '  H 

and  so  by  Theorem  7  we  get  that  M  is  a  finite  union  of  disjoint  cosets  of  N. 

Thus  Theorem  8,  the  corollary  of  Theorem  7  and  Lemma  9  show 

us  that  the  operators  Np  ,  Hp  and  Sp  have  in  their  range  only  finitely  generated 

n  n  n 

submonoids  of  Fn>  This  is  implied  directly  from  Theorem  8  "alone"  since  iip 

n 

and  S„  have  in  their  range  only  normal  submonoids  of  F  . 

Fn  n 

*  *  * 
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